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Abstract
In this paper I consider surfaces in a space-time with a Killing vector ξα that is time-
like and hypersurface orthogonal on one side of the surface. The Killing vector may be
either time-like or space-like on the other side of the surface. It has been argued that
the surface is null if ξαξ
α → 0 as the surface is approached from the static region. This
implies that, in a coordinate system adapted to ξ, surfaces with gtt = 0 are null. In
spherically symmetric space-times the condition grr = 0 instead of gtt = 0 is sometimes
used to locate null surfaces.
In this paper I examine the arguments that lead to these two different criteria and
show that both arguments are incorrect. A surface ξ = constant has a normal vector
whose norm is proportional to ξαξ
α. This lead to the conclusion that surfaces with
ξαξ
α = 0 are null. However, the proportionality factor generally diverges when gtt = 0,
leading to a different condition for the norm to be null. In static spherically symmetric
space-times this condition gives grr = 0, not gtt = 0.
The problem with the condition grr = 0 is that the coordinate system is singular on
the surface. One can either use a nonsingular coordinate system or examine the induced
metric on the surface to determine if it is null. By using these approaches it is shown
that the correct criteria is gtt = 0. I also examine the condition required for the surface
to be nonsingular.
1 Introduction
In this paper I consider surfaces in a space-time with a Killing vector ξα that is time-like
and hypersurface orthogonal on one side of the surface (the space-time is therefore static
in this region). The Killing vector may be either time-like or space-like on the other side
of the surface. It has been argued [1] that the surface is null if
ξαξ
α → 0 (1)
as the surface is approached from this static region (for simplicity I will often state this
condition as ξαξ
α = 0). In a coordinate system in which the metric is given by
ds2 = gtt(~x)dt
2 + gij(~x)dx
idxj (2)
this condition corresponds to gtt → 0 as the surface is approached.
Now consider surfaces of constant r in a spherically symmetric space-time with a
metric
ds2 = gtt(r)dt
2 + grr(r)dr
2 + r2dΩ2 . (3)
The normal to the surface is given by nµ = (0, 1, 0, 0) and its norm is nµn
µ = grr. This
seems to indicate that a null surface corresponds to grr = 0, not to gtt = 0. Both gtt = 0
[1, 2] and grr = 0 [3, 4] have been used to locate null surfaces.
In this paper I examine this issue in detail. I show that there is an problem with the
argument that leads to the conclusion that surfaces defined by ξαξ
α = 0 are null. This
argument actually leads to the condition
gijgtt,igtt,j = 0 (4)
for a surface of constant ξαξ
α to have a normal that is null. In a spherically symmetric
space-time, with ∂rgtt 6= 0, this condition is grr = 0, which is consistent with the result
obtained below equation (3). However, it turns out that these approaches are incorrect.
If grr → 0 as a surface of constant r is approached the coordinate system is singular
on the surface. One can either use a nonsingular coordinate system or examine the
induced metric on the surface to determine if it is null. By using these approaches it
will be shown that the correct criteria is gtt = 0. Since surfaces of infinite redshift also
correspond to gtt = 0, we see that any null surface in a static space-time must also be a
surface of infinite redshift and vice-versa.
For a null surface to be nonsingular the Kretschmann scalar must be finite on the
surface. It is shown that, in spherically symmetric space-times, the Kretschmann scalar
will diverge on a null surface unless grr → 0 as the surface is approached. It is also shown
that grr can vanish and gtt can be finite and nonzero on a nonsingular surface. Thus,
grr = 0 is a necessary but insufficient condition for a surface to be null and nonsingular.
One approach that has been used to find null surfaces in the Kerr space-time involves
looking for surfaces defined by f(r, θ)=constant whose norm is null (see for example
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[6, 7]). The surfaces that are found using this approach are surfaces of constant r with
grr = 0. However, the coordinate system is singular on these surfaces, so this result
needs to be checked. It is easy to verify that the induced metric on these surfaces is null
showing that they are null surfaces.
2 Null Surfaces in Static Space-times
In this section I will consider surfaces in a space-time with a Killing vector ξα that is
time-like and hypersurface orthogonal on one side of the surface. The Killing vector may
be either time-like or space-like on the other side of the surface. One can always work
in a coordinate system in which ξ = ∂/∂t and the metric takes the form given in (2) in
the static region. It was argued in [1] that surfaces defined by ξαξα = 0 are null. To
examine this consider the normal to the surface ξαξ
α =constant
nµ =
1
2
∇µ (ξαξα) , (5)
which we assume is nonvanishing (∂kgtt 6= 0). It was shown in [1] that
nµn
µ =
1
2
(ξαξ
α)
(
∇λξβ∇λξβ
)
(6)
and it was then concluded that null surfaces correspond surfaces with ξαξ
α = gtt = 0.
However, the term ∇λξβ∇λξβ that multiplies ξαξα is given by
∇λξβ∇λξβ = 1
2
gttgij(gtt,i)(gtt,j) . (7)
Thus,
nµn
µ =
1
4
gijgtt,igtt,j , (8)
and does not generally vanish when gtt = 0. Note that this follows directly from (5).
The condition for a surface of constant ξαξ
α to have a null normal is, therefore, given by
gijgtt,igtt,j = 0 . (9)
In a spherically symmetric static space-time, with ∂rgtt 6= 0, this condition is grr = 0,
not gtt = 0. This also follows directly from nµ = (0, 1, 0, 0) and nµn
µ = grr. However, we
will see that it is incorrect to conclude that surfaces with grr = 0 are null. If grr → 0 as
a surface of constant r is approached the coordinate system is singular on this surface.
One can either use a nonsingular coordinate system or examine the induced metric on
the surface to determine if it is null. By using these approaches it will be shown that
the correct criteria in static spherically symmetric space-times is gtt = 0. I also show
that null surfaces correspond to gtt = 0 in a static space-time if the “spatial” part of the
induced metric is nonsingular.
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3 Spherically Symmetric Static Space-times
In this section I will examine null surfaces in a static spherically symmetric space-time
with a metric given by (3). For simplicity I will assume that gttgrr ≤ 0 everywhere, so
that there is no signature change in the space-time. Consider the surface defined by
Φ = r − r0 = 0. This surface has a normal nµ = (0, 1, 0, 0) and the norm of nµ is given
by
nµn
µ = grr . (10)
Thus, for the surface to be null it would appear that we require grr = 0. However, this
implies that the coordinate system is singular on the surface.
Consider transforming to Eddington-Finkelstein coordinates. The null geodesics sat-
isfy
t±
∫ √
−grr
gtt
dr = constant (11)
and from this we introduce an ingoing null coordinate
v = t−
∫ √
−grr
gtt
sign(gtt)dr . (12)
The sign(gtt) is required so that we obtain the correct ingoing null coordinate and metric.
For example in the Schwarzschild case
−
√
−grr
gtt
sign(gtt) =
∣∣∣∣∣
(
1− 2GM
r
)
−1
∣∣∣∣∣ sign
(
1− 2GM
r
)
=
(
1− 2GM
r
)
−1
. (13)
The Eddington-Finkelstein metric is given by
ds2 = gttdv
2 + 2
√−gttgrrdvdr + r2dΩ2 . (14)
Once again consider the normal nµ = (0, 1, 0, 0). Its norm is given by
nµn
µ = grr (15)
so that it still appears that we require grr = 0. However, if grr = 0 on the surface the
coordinate system is still singular unless gtt → 0 keeping gttgrr finite and nonzero. In
this case grr ∼ gtt and either grr = 0 or gtt = 0 can be used.
Consider the case when (14) is singular. To obtain a nonsingular coordinate system
define a new radial variable by
r¯ =
∫ √−gttgrrdr . (16)
The metric in this new coordinate system is given by
ds2 = gttdv
2 + 2dvdr¯ + r(r¯)2dΩ2 . (17)
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Now consider the normal nµ = (0, 1, 0, 0), which has norm
nµn
µ = −gtt . (18)
Thus, in this nonsingular coordinate system the requirement for the surface to be null
is gtt = 0. Since this result was deduced in a nonsingular coordinate system the general
requirement for a surface to be null is gtt = 0 not g
rr = 0. The reason for the discrepancy
between the singular and nonsingular coordinate systems is related to how the normal
transforms. Consider the transformation from the (v, r, θ, φ) coordinates to the (v, r¯, θ, φ)
coordinates
n¯r = (−gttgrr)−1/2nr . (19)
Thus, a well defined normal in the singular coordinate system does not correspond to
a well defined normal in the nonsingular system. The transformation from the initial
Schwarzschild coordinates to the (v, r, θ, φ) Eddington-Finkelstein coordinates does not
change the normal, so the same requirement for a surface to be null is obtained in both
of these coordinate systems.
Similar results can be found by transforming to Painleve´-Gullstrand coordinates.
Consider a freely falling observer with a velocity
vµ =

− 1
gtt
,−
√√√√−
(
1
gttgrr
+
1
grr
)
, 0, 0

 . (20)
The proper time measured by the observer dT = −vµdxµ is given by
dT = dt+ grr
√√√√−
(
1
gttgrr
+
1
grr
)
dr . (21)
The metric in the (T, r, θ, φ) coordinates is given by
ds2 = gttdT
2 + 2
√
−gttgrr(1 + gtt)dTdr− gttgrrdr2 + r2dΩ2 . (22)
Since this transformation does not change the normal the requirement for the surface
to be null is still grr = 0. However, as with the Eddington-Finkelstein coordinates, this
coordinate system is still singular unless gttgrr is finite and nonzero on the surface. To
obtain a nonsingular coordinate system define a new radial variable by
r¯ =
∫ √−gttgrrdr (23)
and the metric in this new coordinate system is given by
ds2 = gttdT
2 + 2
√
1 + gtt dTdr¯ + dr¯
2 + r(r¯)2dΩ2 . (24)
The condition for the normal nµ = (0, 1, 0, 0) to be null is gtt = 0, as expected.
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Another approach that can be used to determine the nature of a hypersurface is to
examine the induced metric on the surface. Let the surface have intrinsic coordinates
ya and let the surface be defined by xµ = xµ(ya). The induced metric hab is given by
hab = gµν
∂xµ
∂ya
∂xν
∂yb
. (25)
The induced metric is independent of the space-time coordinates and so the nature of
the surface can be deduced in any coordinate system. All of the coordinate systems used
above give
hab =

 gtt 0 00 r20 0
0 0 r2
0
sin2 θ

 (26)
for the induced metric on the surface r = r0. Thus, the surface will be null iff gtt = 0.
If gtt < 0 the surface will have a Lorentzian signiture and if gtt > 0 the surface will have
a Riemannian signature.
One can also examine the null surface to see if it is singular. The Kretschmann scalar
is given by [5]
I = RµναβRµναβ = K
2
1
+ 2K2
2
+ 2K2
3
+K2
4
(27)
where
K1 =
1
2grr

2g
′′
tt
gtt
−
(
g
′
tt
gtt
)2
− g
′
ttg
′
rr
gttgrr

 , (28)
K2 =
g
′
tt
gttgrrr
, (29)
K3 =
g
′
rr
g2rrr
(30)
and
K4 = 2
[
grr − 1
grrr2
]
. (31)
For a surface to be nonsingular the Kretschmann scalar must be finite on the surface.
Let the surface be at r = r0 and take
gtt ∼ −A(r − r0)n (32)
for r near r0,where n,A and α are constants and n > 0. From K2 we see that
grr ∼ B(r − r0)−m , (33)
were m and B are constants and m ≥ 1. Thus, grr must diverge on a nonsingular null
surface. Note that grr can diverge and gtt can be finite and nonzero on a nonsingular
surface. Thus, grr = 0 is a necessary but insufficient condition for a surface to be null
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and nonsingular. The only other constraint comes from K1 and is given by m ≥ 2 if
m+ n 6= 2. If m+ n = 2 the constraint is weaker.
It is also possible that the Riemann tensor could have a delta function singularity
on the surface while the Kretschmann scalar remains finite as the surface is approached.
The delta function in the Riemann tensor is related to the jump in the derivatives of
the metric across the surface [8, 9]. Thus, if the derivatives of the metric are continuous
across the surface the Riemann tensor will not contain a delta function singularity on
the surface.
Earlier in this section I defined new coordinate systems based on null and time-like
geodesics. It turns out that in some space-times geodesics do not reach the null surface
at a finite affine parameter. To examine this issue consider the time-like component of
the geodesic equation, in the metric (3)
d
dτ
(
gttt˙
)
= 0 ⇒ gttt˙ = −E . (34)
where t˙ = dt/dτ , E > 0 is a constant and I have also used τ to denote an affine
parameter along both time-like and null geodesics. The line element for radial motion
can be written as
gttt˙
2 + grrr˙
2 = κ . (35)
where κ = −1 for time-like geodesics and κ = 0 for null geodesics. Combining equations
(34) and (35) gives
gttgrrr˙
2 = κgtt − E2 . (36)
For a surface of infinite redshift with gtt given by (32) and grr given by (33) this equation
becomes
r˙2 ∼ κ
B
(r − r0)m + E
2
AB
(r − r0)m−n . (37)
The last term on the right hand side dominates when r ≃ r0 for n > 0. The solution to
this equation is given by
r(τ)− r0 =
[±E(n−m+ 2)
2
√
AB
(τ + α)
] 2
n−m+2
n−m+ 2 6= 0 , (38)
and
r(τ)− r0 = βexp
(
− Eτ√
AB
)
n−m+ 2 = 0 , (39)
where α and β are integration constants. Thus, if n−m+2 > 0 both time-like and null
geodesics will reach the null surface at a finite affine parameter, otherwise they will not.
It is interesting to note that this is the same condition that ensures that the null
surface is at a finite value of r¯ =
∫ √−gttgrrdr. Thus, if n−m+ 2 > 0 the null surface
will be at a finite distance from outside points on a constant time slice in the (T, r¯, θ, φ)
coordinates. It is also interesting to note that the distance to the null surface depends on
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the time slicing. For example the distance, on a constant time slice, to the outer horizon
in the extremal Reissner-Nordstrøm space-time is infinite in the (t, r, θ, φ) coordinate
system but is finite in the (T, r, θ, φ) coordinate system.
It is difficult to find null surfaces in a general space-time. However, in a static space-
time with a metric given in (2) the induced metric on a surface f(~x) =constant with
intrinsic coordinates (t, y1, y2) is given by
hab =
(
gtt 0
0 σAB
)
(40)
where
σAB =
∂xµ
∂yA
∂xν
∂yB
gµν (A,B = 1, 2) (41)
is the two dimension “spatial” part of the induced metric. If the determinant of σAB
does not vanish then null surfaces correspond to gtt = 0.
4 The Kerr Space-time
The Kerr metric is given by
ds2 = −
(
∆− a2 sin2 θ
ρ2
)
dt2 +
[
(∆ + 2Mr)2 −∆a2 sin2 θ
ρ2
]
sin2 θdφ2 (42)
−4aMr
ρ2
sin2 θdtdφ+
ρ2
∆
dr2 + ρ2dθ2 , (43)
where
∆ = r2 − 2Mr + a2 (44)
and
ρ2 = r2 + a2 cos2 θ . (45)
One approach that has been used to find null surfaces involves looking for surfaces of
constant f(r, θ) whose norm is null (see for example [6, 7]). The only solutions are
surfaces of constant r with grr = ∆/ρ2 = 0. This gives the standard result that the
null surfaces are at ∆ = 0. However, the coordinate system used is singular on these
surfaces. To check this result consider the induced metric on a surface of constant r.
dσ2 = −
(
∆− a2 sin2 θ
ρ2
)
dt2 +
[
(∆ + 2Mr)2 −∆a2 sin2 θ
ρ2
]
sin2 θdφ2 − 4aMr
ρ2
sin2 θdtdφ+ ρ2dθ2(46)
This surface will be null iff det(hab) = 0. The determinant of the induced metric is given
by
det(hab) = −∆ρ2 sin2 θ , (47)
so that the surface will be null iff ∆ = 0, which is the standard result.
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5 Conclusion
In this paper I considered surfaces in a space-time with a Killing vector ξα that is time-
like and hypersurface orthogonal on one side of the surface. It has been argued [1] that
the surface is null if ξαξ
α → 0 as the surface is approached from the static region. In a
coordinate system adapted to ξ this implies that surfaces with gtt = 0 are null. I showed
that this conclusion is incorrect and that the condition is
gijgtt,igtt,j = 0 (48)
for a surface of constant ξαξ
α to have a null normal. In a static spherically symmetric
space-time, with ∂rgtt 6= 0, this condition is grr = 0, which is the condition that would
obtain by considering surfaces of constant r in a space-time with a metric given by (3).
The problem with the condition grr = 0 in a static spherically symmetric space-time
is that the coordinate system is singular on the surface. One can either use a nonsingular
coordinate system or examine the induced metric on the surface to determine if it is null.
By using these approaches it was shown that the correct criteria is gtt = 0. I also showed
that null surfaces correspond to gtt = 0 in a static space-time if the “spatial” part of the
induced metric is nonsingular.
For a null surface to be nonsingular the Kretschmann scalar must be finite on the
surface. It was shown that, in spherically symmetric space-times, the Kretschmann
scalar will diverge on a null surface unless grr → 0 as the surface is approached. It
was also shown that grr can vanish and gtt can be finite and nonzero on a nonsingular
surface. Thus, grr = 0 is a necessary but insufficient condition for a surface to be null
and nonsingular.
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